The purpose of this paper is to study the notation of orthogonal symmetric generalized bi-derivations in semiprime rings and we proved orthogonality results. Let (∆ 1 , B 1 ) and (∆ 2 , B 2 ) be two generalized symmetric bi-derivations of R, then the following conditions are equivalent:
Introduction
initiated the notation of orthogonality for a pair of derivations (d, g) of a semiprime ring and they have given several necessary and sufficient conditions for d and g are to be orthogonal .Also, they extended the related results to a classical result of E. Posner(1957) . Argac et al. (2004) have studied some results the orthogonal generalized derivations of semiprime rings. Daif et al. (2010) have studied the orthogonality between the derivations and bi-derivations of a ring and also in terms of a nonzero ideal of a 2-torsion free semiprime ring. Reddy and Reddy (2016) proved some results on the orthogonal symmetric bi-derivations in Semiprime rings and obtained the necessary conditions for two bi-derivations to be orthogonal. In this paper, we proved some results of orthogonality conditions for two generalized symmetric bi-derivations of semiprime rings.
Preliminaries
Throughout this paper R will be an associative ring. A ring R is said to be 2-torsion free if 2 = 0, ∈ implies = 0. A ring R is prime if = 0 implies = 0 or = 0, and R is semiprime if = 0 implies = 0 .Let us write [ , ] = − , for all , ∈ and the commutator identities
. An additive map : → is called Derivation if ( ) = ( ) + ( ), for all , ∈ . An additive mapping : → is called Generalized derivation if ( ) = ( ) + ( ), for all , ∈ . A mapping (. , . ): × → is a symmetric mapping if ( , ) = ( , ), for all , ∈ . A symmetric bi-additive mapping (. , . ): × → is called a symmetric bi-derivation if D( , ) = ( , ) + ( , ), ( , ) = ( , ) + ( , ), for all , , ∈ . Let : × → be a bi-derivation, a bi-additive mapping ∆: × → is said to be generalized bi-derivation if for every , , ∈ such that ∆( , ) = ∆( , ) + ( , ) , ∆( , ) = ∆( , ) + ( , ), for all , , ∈ . Let R be a semiprime ring, two derivations d and g are called orthogonal if ( ) ( ) = 0 = g(y)Rd(x), for all , ∈ ,Two bi-derivations B and D are called orthogonal if ( , ) ( , ) = (0) = ( , ) ( , ), for all , , ∈ .Two generalized biderivations ∆ 1 and ∆ 2 associated with biderivations 1 and 2 are called orthogonal if
Main Text Theorem 1 :
Let (∆ 1 , B 1 ) and (∆ 2 , B 2 ) be two generalized symmetric bi-derivations of R, then the following conditions are equivalent:
(i) (∆ 1 , B 1 ) and (∆ 2 , B 2 ) are orthogonal.
(ii) For all x, y, z ∈ R, the following relations hold.
∆ 1 (x, y)∆ 2 (y, z) = B 1 (x, y)∆ 2 (y, z) = 0 , for all x, y, z ∈ R. ( ) ∆ 1 (x, y)∆ 2 (y, z) = 0 , for all x, y, z ∈ R and B 1 ∆ 2 = B 1 B 2 = 0. (v) (∆ 1 ∆ 2 , B 1 B 2 ) is a generalized symmetric bi-derivation and ∆ 1 (x, y)∆ 2 (y, z) = 0, for all x, y, z ∈ R. For the proof of this theorem we need some lemmas.
Lemma 1 ((1989) , lemma 1): Let R be a 2-torsion free semi prime ring and a, b elements of R .Then the following conditions are equivalent.
(
axb + bxa = 0, for all x ∈ R. If one of the above three conditions is fulfilled, then ab = ba = 0.
Lemma 2: ([ ],
Lemma 2) Let R be a semiprime ring. Suppose that two bi-additive mappings B: R × R → R and D: R × R → R satisfy B(x, y)RD(x, y) = (0), for all x, y ∈ R. Then B(x, y)RD(y, z) = (0), for all x, y, z ∈ R. Lemma 3: If (∆ 1 , B 1 ) and (∆ 2 , B 2 ) are orthogonal generalized symmetric bi-derivations of R, then the following relations hold.
(i) ∆ 1 (x, y)∆ 2 (y, z) = ∆ 2 (x, y)∆ 1 (y, z) = 0, hence ∆ 1 (x, y)∆ 2 (y, z) + ∆ 2 (x, y)∆ 1 (y, z) = 0, for all x, y, z ∈ R. (ii) B 1 and ∆ 2 are orthogonal, and B 1 (x, y)∆ 2 (y, z) = ∆ 2 (y, z)B 1 (x, y) = 0, for all x, y, z ∈ R. (iii) B 2 and ∆ 1 are orthogonal, and B 2 (x, y)∆ 1 (y, z) = ∆ 1 (y, z)B 2 (x, y) = 0, for all x, y, z ∈ R.
(iv) B 1 and B 2 are orthogonal biderivations.
Proof : (i) By hypothesis, we have ∆ 1 (x, y)r∆ 2 (y, z) = 0 , for all x, y, z, r ∈ R. By lemma 1, we get
(1) We replace x by rx in (1), we get ∆ 1 (rx, y)∆ 2 (y, z) = 0 (∆ 1 (r, y)x + rB 1 (x, y))∆ 2 (y, z) = 0 ∆ 1 (r, y)x∆ 2 (y, z) + rB 1 (x, y)∆ 2 (y, z) = 0 Since ∆ 1 and ∆ 2 are orthogonal, ∆ 1 (r, y)x∆ 2 (y, z) = 0. Therefore, rB 1 (x, y)∆ 2 (y, z) = 0. Now B 1 (x, y)∆ 2 (y, z) rB 1 (x, y)∆ 2 (y, z) = 0. Since R is a semiprime, we get B 1 (x, y)∆ 2 (y, z) = 0, for all x, y, z ∈ R.
(2) Similarly, we replace x by xr in (2) B 1 (xr, y)∆ 2 (y, z) = 0 (B 1 (x, y)r + xB 1 (r, y))∆ 2 (y, z) = 0 B 1 (x, y)r∆ 2 (y, z) + xB 1 (r, y)∆ 2 (y, z) = 0 From equation (2), we get B 1 (x, y)r∆ 2 (y, z) = 0 By lemma 1, we get ∆ 2 (y, z)B 1 (x, y) = 0, for all x, y, z ∈ R. Hence condition (ii) is proved. Similarly (iii). To prove (iv) We have ∆ 1 (x, y)∆ 2 (y, z) = 0, for all x, y, z ∈ R.
(3) We replace x by xr in the equation (3), we get ∆ 1 (xr, y)∆ 2 (y, z) = 0 (∆ 1 (x, y)r + xB 1 (r, y))∆ 2 (y, z) = 0 ∆ 1 (x, y)r∆ 2 (y, z) + xB 1 (r, y)∆ 2 (y, z) = 0
We replace z by zr, we get ∆ 1 (x, y)r∆ 2 (y, zr) + xB 1 (r, y)∆ 2 (y, zr) = 0 ∆ 1 (x, y)r∆ 2 (y, z)r + ∆ 1 (x, y)rzB 2 (y, r) + xB 1 (r, y)∆ 2 (y, z)r + xB 1 (r, y)zB 2 (y, r)=0 By using condition (ii) and (iii), we get xB 1 (r, y)zB 2 (y, r)=0 (B 1 (r, y)zB 2 (y, r))x(B 1 (r, y)zB 2 (y, r)) = 0 Since R is a semiprime, we get B 1 (r, y)zB 2 (y, r) = 0. Therefore B 1 (r, y)zB 2 (y, r) = 0 B 1 (x, y)zB 2 (x, y) = 0. By using lemma (2), we have Therefore, B 1 and B 2 are orthogonal bi-derivations. To prove (v) and (vi) Using (ii) and (iv), we get B 1 (x, y)r∆ 2 (y, z) = 0 ∆ 2 (B 1 (x, y)r∆ 2 (y, z), m) = 0 ∆ 2 (B 1 (x, y), m)r∆ 2 (y, z) + B 1 (x, y)B 2 (r∆ 2 (y, z), m) = 0 ∆ 2 B 1 (x, y)r∆ 2 (y, z) + B 1 (x, y)rB 2 (∆ 2 (y, z), m) + B 1 (x, y)B 2 (r, m)∆ 2 (y, z) = 0 ∆ 2 B 1 (x, y)r∆ 2 (y, z) = 0 We replace z by B 1 (x, y)z in the above equation, we have ∆ 2 B 1 (x, y)r∆ 2 (y, B 1 (x, y)z) = 0 ∆ 2 B 1 (x, y)r∆ 2 (y, B 1 (x, y))z + ∆ 2 B 1 (x, y)rB 1 (x, y)B 2 (y, z) = 0 Since B 1 and B 2 are orthogonal, we have ∆ 2 B 1 (x, y)r∆ 2 B 1 (x, y)z = 0. ∆ 2 B 1 (x, y)r∆ 2 B 1 (x, y) z ∆ 2 B 1 (x, y)r∆ 2 B 1 (x, y) = 0 Since R is a semiprime, we get ∆ 2 B 1 (x, y)r∆ 2 B 1 (x, y) = 0 Therefore, ∆ 2 B 1 = 0. Similarly, since each of B 1 (∆ 2 (x, y)rB 1 (y, z)) = 0, ∆ 1 (B 2 (x, y)r∆ 1 (y, z)) = 0, B 2 (∆ 1 (x, y)rB 2 (y, z)) = 0 and ∆ 2 (∆ 1 (x, y)r∆ 2 (y, z)) = 0. For all x, y, z ∈ R, we have B 1 ∆ 2 = ∆ 1 B 2 = B 2 ∆ 1 = ∆ 1 ∆ 2 = ∆ 2 ∆ 1 = 0.
Proof of theorem 1: (i) implies (ii),(iii),(iv),(v) are proved by lemma (3 )
To prove (ii) ⟹ (i) ∆ 1 (x, y)∆ 2 (y, z)+ ∆ 2 (x, y)∆ 1 (y, z) = 0.
(4) We replace instead of x in (4), we have ∆ 1 (xr, y)∆ 2 (y, z)+ ∆ 2 (xr, y)∆ 1 (y, z) = 0. ∆ 1 (x, y)r∆ 2 (y, z) + xB 1 (r, y)∆ 2 (y, z) + ∆ 2 (x, y) ∆ 1 (y, z) + B 2 (r, y)∆ 1 (y, z) = 0. ∆ 1 (x, y)r∆ 2 (y, z) + ∆ 2 (x, y) ∆ 1 (y, z) + (B 1 (r, y)∆ 2 (y, z) + B 2 (r, y)∆ 1 (y, z)) = 0 Since condition (ii) of theorem, we get ∆ 1 (x, y)r∆ 2 (y, z) + ∆ 2 (x, y) ∆ 1 (y, z) = 0 Thus by lemma 1, we arrive at ∆ 1 (x, y)R∆ 2 (y, z) + ∆ 2 (x, y) ∆ 1 (y, z) = 0. Therefore, ∆ 1 and ∆ 2 are orthogonal. To prove (iii) ⟹ (i) ∆ 1 (x, y)∆ 2 (y, z) = B 1 (x, y)∆ 2 (y, z) = 0.
(5) We replace by in (5), we get ∆ 1 (xr, y)∆ 2 (y, z) = 0 ∆ 1 (x, y)r∆ 2 (y, z) + B 1 (r, y)∆ 2 (y, z) = 0 Since from (5), we get ∆ 1 (x, y)r∆ 2 (y, z) = 0. Therefore, ∆ 1 and ∆ 2 are orthogonal. To prove (iv) ⟹ (i) B 1 B 2 = 0. B 1 ∆ 2 (xy, z) = B 1 ((∆ 2 (x, z)y + xB 2 ( , )), ) = B 1 (∆ 2 (x, z) , ) + B 1 (xB 2 ( , ), ) = ∆ 2 (x, z)B 1 ( , ) + B 1 (∆ 2 (x, z), ) + B 1 ( , )B 2 ( , ) + B 1 (B 2 ( , ), ) By using condition (iv), we get ∆ 2 (x, z)B 1 ( , ) = 0.
We replace in (6), we get ∆ 2 (xr, z)B 1 ( , ) = 0 ∆ 2 (x, z) B 1 ( , ) + B 2 ( , )B 1 ( , ) = 0 ∆ 2 (x, z) B 1 ( , ) = 0 By lemma 1, lemma 3, we get B 1 ( , )∆ 2 (y, z) = 0 Therefore ∆ 1 and ∆ 2 are orthogonal. To prove (v) ⟹ (i) Since (∆ 1 ∆ 2 , B 1 B 2 ) is a generalized symmetric bi-derivation with B 1 B 2 is a bi-derivation, we have ∆ 1 ∆ 2 ( , ) = ∆ 1 ∆ 2 ( , ) + B 1 B 2 ( , ), for all , , ∈ . We have ∆ 1 ∆ 2 ( , ) = ∆ 1 (∆ 2 ( , ), ) = ∆ 1 (∆ 2 ( , ) + B 2 ( , ), ) = ∆ 1 (∆ 2 ( , ) , ) + ∆ 1 ( B 2 ( , ), ) = ∆ 1 (∆ 2 ( , ), ) + ∆ 2 ( , )B 1 ( , ) + ∆ 1 ( , )B 2 ( , ) + B 1 (B 2 ( , ), ) Therefore ∆ 2 ( , )B 1 ( , ) + ∆ 1 ( , )B 2 ( , ) = 0. We replace , we get ∆ 2 ( , )B 1 ( , ) + ∆ 1 ( , )B 2 ( , ) = 0. This can written as ∆ 2 ( , )B 1 ( , ) + ∆ 1 ( , )B 2 ( , ) = 0.
(7) Since ∆ 1 (x, y)∆ 2 (y, z) = 0.
(8) We replace z by mz in (8), we have ∆ 1 (x, y)∆ 2 (y, mz) = 0 ∆ 1 (x, y)∆ 2 (y, m) + ∆ 1 (x, y) B 2 (y, z) = 0 ∆ 1 (x, y) B 2 (y, z) = 0. Therefore ∆ 1 (x, y)B 2 (y, z) = 0, hence from (7), we get ∆ 2 ( , )B 1 ( , ) = 0, for all , , ∈ .
We replace z by zm in (9), we get ∆ 2 ( , )B 1 ( , ) = 0 ∆ 2 ( , )B 1 ( , ) + ∆ 2 ( , ) B 1 ( , ) = 0 ∆ 2 ( , ) B 1 ( , ) = 0. Therefore B 1 and ∆ 2 are orthogonal. Since from lemma 3, we have ∆ 1 and ∆ 2 are orthogonal.
Products of generalized symmetric bi-derivations:
In this section, we give some results for the product of two generalized symmetric bi-derivations as follows. (11) We replace z by B 1 ( , ) in (11), we get ∆ 1 (x, y)B 1 ( , ) B 2 (y, m) + ∆ 2 ( , )B 1 ( , ) B 1 ( , ) = 0 Since (∆ 1 ∆ 2 , B 1 B 2 ) is a generalized symmetric bi-derivation, B 1 B 2 is bi-derivation. Therefore B 1 and B 2 are orthogonal. ∆ 2 ( , )B 1 ( , ) B 1 ( , ) = 0 = ∆ 2 ( , )B 1 ( , ) ∆ 2 ( , )B 1 ( , ) ∆ 2 ( , )B 1 ( , ) ∆ 2 ( , )B 1 ( , ) = 0 Science R is semiprime, we have ∆ 2 ( , )B 1 ( , ) = 0 , for all , ∈ . ∆ 2 (x, y)mB 1 (y, z) = 0 , for all x, y, z, m ∈ R ∆ 2 and B 1 are orthogonal, Similarly ∆ 1 and B 2 are orthogonal.
To prove (iii) ⟹ (i): Since ∆ 1 and B 2 are orthogonal, we have ∆ 1 (x, y)rB 2 (y, z) = 0.
(12) ∆ 1 (x, y)B 2 (y, z) = 0 and ∆ 2 (x, y)B 1 (y, z) = 0. Therefore ∆ 1 ∆ 2 ( , ) = ∆ 1 ∆ 2 ( , ) + B 1 B 2 ( , ). Thus (∆ 1 ∆ 2 , B 1 B 2 ) is a generalized symmetric bi-derivation.
(ii) ⟹ (iii) and (iii) ⟹ ( ii) is proved in a similar way.
